Abstract. Let X be a cubic hypersurface in P 6 or a hypersurface of degree greater than equal to 7 in P 5 . In this note we try to understand, for a very general hyperplane section of X, the noninjectivity locus of the corresponding push-forward homomorphism at the level of Chow group of certain dimension.
Introduction
The question of injectivity at the level of algebraically trivial one cycles on a hypersurface in P n is an interesting one. The conjecture due to Nori and Paranjape says that for a hypersurface of degree greater than 2n − 3 in P n , the group of algebraically trivial cycles (of certain codimension) modulo rational equivalence is isomorphic to Z, see, [No] , [Pa] for the precise formulation of the conjecture. Inspired by these conjectures, the authors in [BIL] has formulated the following question:
Suppose X is a smooth projective variety and D is a smooth ample divisor on X. Suppose that D is of high degree inside X, then the map CH i (D) → CH i (X) is injective, for a certain range of i. For more precise formulation please see [BIL] .
Inspired by the above conjectures this manuscript is an attempt to investigate the nature of the kernel of the map CH 2 (X t ) → CH 2 (X), where X is smooth projective hypersurface of degree 3 in P 6 and X t is a smooth hyperplane section. Also we investigate the same question for one cycle on a smooth hyperplane section of a hypersurface of degree greater or equal than 7 in P 5 . The main aim is to understand the non-injectivity locus of the push-forward homomorphism at the level of cycles. The main technique involves monodromy argument on the cohomology of hyperplane sections. The main result is as follows:
Let X be a smooth hypersurface of degree greater or equal than 7 in P 5 . Then for a very general hyperplane section X t of X, the kernel of Thorough-out this text we work over the field of complex numbers.
2. Push-forward homomorphism for a very general hyperplane section of a cubic hypersurface in P
6
Let X be a hypersurface of degree 3 in P 6 . Let t in P 6 * be such that the corresponding hyperplane section H t ∩ X is smooth. Call it X t . Then we consider the closed embedding j t : X t → X. Consider the push-forward homomorphism j t * from CH 2 (X t ) to CH 2 (X). We claim that this homomorphism is injective for a very general t. First we notice that X t is Fano, hence rationally connected. Hence the algebraic equivalence coincides with the homological equivalence on X t and the group of dimension 2 algebraically trivial cycles modulo rational equivalence is isomorphic to the corresponding intermediate Jacobian. Also the intermediate jacobian IJ 2 (X t ) is isomorphic to IJ 2 (X) by the Lefschetz hyperplane theorem. Therefore it reduces to prove that the Neron-Severi group NS 2 (X t ) injects into NS 2 (X) for a very general t.
Let U in P 6 * parametrises the smooth hyperplane sections of X. First we introduce the following notations. Let H i denote the Hilbert scheme parametrising degree i dimension 2 subschemes on X. Let H i,t denote the closed subscheme of H i , which parametrises the two dimensional Zariski closed subschemes of X incident on X t . More generally
Also we consider the relative Chow scheme
Now we prove the following theorem following the ideas of C.Voisin, [Vo] [chapter 3, last section]:
Theorem 2.1. Let X be a hypersurface in P 6 , such that the smooth hyperplane sections X t , satisfies the following:
Then for a very general t in U, the non-injectivty locus of the map from NS
Proof. We now prove that the projection map from H i,U to U is dominant if the pairs (t, S) in H i,U satisfies the condition:
if the class of S in NS 2 (X) is zero then S is actually zero in NS 2 (X t ). That is if S is homologically trivial on X, then it is actually homologically trivial on X t .
So assume that H i,U → U is dominant. Consider an embedding of H i,U into some projective space. For a general multi-hyperplanesection K of H i,U , the map from K → U is generically finite. Then we throw out the Zariski closed subset of U, on which the map K → U is not smooth. Then we have a smooth, proper map K → V . Hence by Ehressmann's theorem the map K → V is a fibration of smooth manifolds. Consider t in V , let S 1,t , · · · , S n,t be the fiber over t. So S i,t is incident on X t . Consider the cycle classes of S i,t , call them α i,t . Consider the local system generated by α i,t . This forms a local system because K → V is fibration. This local system is a sub-local system of R 4 φ * Q| V , where φ is the map from X V = {(x, t)|x ∈ X t , t ∈ V } to V . Call this local system as F . Consider the morphism of sheaves
Consider the kernel of this morphism, call it F ′ . Then F ′ is a local subsystem in (R 4 φ * Q van )| V which is by definition the local system associated to ker(H 4 (X t , Q) → H 6 (X, Q))
for t in V . Now V is Zariski open in U, hence U \V is of real codimension greater or equal than 2. Therefore π 1 (V, t) surjects onto π 1 (U, t) for any t in V . The representation of π 1 (U, t) is irreducible on
Therefore the corresponding local system (R 4 φ * Q van )| V is indecomposable. F ′ is a sub-local system of (R 4 φ * Q van )| V , therefore
In the later case since the Hodge conjecture is true for (2, 2) classes, we have that all the classes in
are Hodge classes, hence
contradicting the assumption of the theorem. Therefore F ′ = 0. Suppose that the relative Chow scheme C 2,d,U consisting of pairs (t, Z) such that support of Z is contained in X t , maps dominantly onto U. Here Z is a degree d, dimension 2 cycle on X. Then the argument as above produces a local system F ′ associated to the projection C 2,d,U → U. This local system, by monodromy is either all of R 4 φ * Q van | V or it is zero. But by the assumption of the theorem, the first possibility do not occur. Hence F ′ = 0. Therefore the cycles in NS 2 (X t ), parametrised by a hyperplane multisection K of C 2,d,U which are homologically trivial on NS 2 (X) are zero, if the map from C 2,d,U to U is dominant. But it could happen that a cycle z is supported on X t , it is homologically trivial on X, but need not be in the fiber K t . Therefore the noninjectivity locus of the map NS 2 (X t ) → NS 2 (X) is supported on the set
,U under the above map such that the image is a proper algebraic subset of U. Then for t ∈ U \ ∪ d Z d , the cycles in NS 2 (X t ) are parametrized by C 2,d,U such that the map from C 2,d,U to U is dominant. Therefore by the previous monodromy argument the non-injectivity locus is given by
where K is a generic hyperplane section of C 2,d,U . Corollary 2.2. Let X be a cubic fivefold in P 6 . Then for a very general hyperplane section X t of X, the push-forward at the level of CH 2 has the kernel parametrised by
Proof. Let X be a hypersurface of degree 3, in P 6 . Then a smooth hyperplane section of X is Fano, hence rationally connected and satisfies the Hodge Conjecture. On the other we have that since H 3,1 (X t ) is one dimensional, the condition of the above theorem is satisfied. Now it is known (due to Beauville and Donagi) [BD] that for a cubic fourfold X t that H 4 (X t , Q) is isomorphic to H 2 (F (X t ), Q), where F (X t ) is the Fano variety of lines on X t . The Fano variety of lines on X, is denoted by F (X). It is a smooth projective variety of dimension 6. We are now interested in understanding the kernel of the Neron severi group NS 1 (F (X t )) → NS 2 (F (X)) and we prove the following theorem:
Theorem 2.3. For a very general t, the kernel of the push-forward at the level of Neron-Severi group NS 1 (F (X t )) → NS 2 (F (X)) is parametrized by
Proof. Consider the following commutative diagram:
Also the commutative diagram at the level of cohomology:
By the corollary 2.2, we have that the map from NS 2 (X t ) to NS 3 (X) is supported on
where K is a generic multisection of C 2,d,U . Using this information and the fact that the kernel
is an irreducible π 1 (U, t) module (U is the collection of smooth hyperplane sections of X), we want to prove that the kernel of the map
where K is a generic multisection of C 3,U,d parametrizing dimension three cycles Z such that Z is supported on F (X t ), for a very general X t . Note that we have an isomorphism H 4 (X t , Q) and H 2 (F (X t ), Q). We have the induced action of π 1 (U, t) on H 2 (F (X t ), Q) and image of ker (H 4 
is irreducible with this action. Now suppose that we have an element α in NS 1 (F (X t )), which goes to zero under the push-forward from NS 1 (F (X t )) to NS 2 (F (X)). Then as previous consider the relative Chow scheme C 3,U,d consisting of pairs (Z, t), such that support of Z is contained in F (X t ). Suppose that this relative Chow scheme maps dominantly onto U. Here Z is a dimension 3 cycle of degree d on F (X). Consider a hyperplane multisection of C 3,U,d , say K which is smooth and maps generically finitely to U. Throwing out a Zariski closed subset of U, we have K → V a proper submersion of smooth manifolds. Then K → V gives rise to a fibration. Hence we have a local system consisting of the cohomological cycle classes of the elements of the fibers of K → V which is finite. Let us denote this local system by F = {α 1,t , · · · , α i,t }.
